ABSTRACT. The main result of this paper is the determination of all non- It is the purpose of this paper to begin to remedy this situation by finding all Moufang loops of order < 31.0) There are 13 such loops-one of order 12, five of order 16, one of order 20, five of order 24, and one of order 28.
Lagrange's theorem and Sylow's main theorem.
In addition to finding the loops referred to above, we prove that Moufang loops of orders p, p , p or pq (for p and q prime) must be groups.
Finally, a method is found for constructing nonassociative Moufang loops as extensions of nonabelian groups by the cyclic group of order 2.
L Introduction.
In studying algebraic objects, it is frequently useful to have many examples at one's fingertips. In the case of Moufang loops that are not groups, the scarcity of manageable examples is one of the difficulties that we have encountered.
It is the purpose of this paper to begin to remedy this situation by finding all Moufang loops of order < 31.0) There are 13 such loops-one of order 12, five of order 16, one of order 20, five of order 24, and one of order 28.
The order structures, nuclei and subloops of these loops are given (Tables 3, 4 and 5). All of the loops are G-loops (i.e. they are isomorphic to all of their loop isotopes) and they are solvable. Lagrange's theorem and Sylow's main theorem hold in all of them. In terms of the M^-laws of Pflugfelder [10] , some of the loops are M}-loops, some are M7-loops, and some are strictly Moufang.
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We would like to thank the referee for his suggestions which led to the shortening of the proofs of Propositions 1 and 5 and of the discussion of case 3 appearing on pp. 46-47.
II. Background and notation. A Moufang loop is a loop L in which the identity (1) (ab)(ca) = Ubc)]a holds for all a, b, c e L.
In order to study Moufang loops of order < 31, we must know all groups of order < 15. These groups are discussed in many books on group theory (see, for example, [1, Chapter 5, §3] )» and some familarity with them will be assumed here.
However, for future reference, we have included in Table 1 a list of the noncyclic groups of order < 15, together with the possible orders of elements in a minimal set of generators.
(Note that, slightly contrary to proper usage, we call a set of generators minimal if there is no set of generators which contains fewer elements, rather than calling it minimal if no proper subset is a set of generators.) Table 1 Noncyclic groups and orders of their generators Dn is the dihedral group of order 2n.
Sn is the symmetric group on « symbols.
Q is the group of units in the quaternions.
is the alternating group on n symbols.
Gj2 is the remaining nonabelian group of order 12. (It may be thought of as the group of (2 x 2) matrices generated by (" 0) and (* ^ where i = v^l and e2 + t + 1 = 0. Its multiplication table may be found in [l, Table   5 .4, p. 155].)
In addition to this knowledge of groups, we make use of the following facts about Moufang loops:
(i) The identity (1) Proof. Consider all elements of the form hx', where h e H, 0<i<d. U h^x' = h-jX1, for some i < j, then, by diassociativity, h^ = {h2x')x~' = h2(x}~'), so x,_< = h~lhl e H. Let r = / -i. Then 0 < r < d, and xr e H. If the greatest common divisor (r, |x|) = t, then there exist integers u, v such that ru + v \x\ = t.
Thus x* = *™MX! = (*T(>I)V = WT e H. Thus |x'| divides However, since t divides |x|, |x'| = \x\/t. Thus t is a divisor of |x| suchthat |x|/r divides \H\. But, if r ^ 0, then / < r < d, so that, by the way d was chosen, r=l or r = 0. Ifr = l, then x e H contrary to assumption. Thus r = 0, so i = j and hl = h2. Thus the elements hx', h e H, 0<i<d, are distinct, and there are d\H\ of them, so the lemma is proven. Proof. By [7, Theorem 4, p. 397 Kx» y)\ ^ P \(y)\ Pi " |L|. Thus L = (x, y) and hence is a group.
There are now two cases to consider.
(i) If pq is odd, then Glauberman [7, Corollary to Theorem 13, p. 411] proved that L has an element of order q, and hence the result follows.
(ii) If pq is even, then p = 2. Since the existence of an element of order q finishes the proof, we may assume that each element of L is of order 2. But then the result follows from Proposition 2.
IV. Main results.
We proceed to find all Moufang loops L of order < 31 by use of messy case analyses dealing with the orders of the elements in minimal sets of generators of L.
We begin with the case in which every minimal set of generators of L contains an element of order 2. We obtain If L is Moufang, let a = gj, i * g2, c = g^x. Then
for any gj, g2> g} e G. Hence G is a group.
To see if L is associative, let a =■ gjXa, = g2x^> c = g-t*"* > Then
where ^ -( -1 where
Therefore, we need
There are eight cases that need be considered, depending on the values of a, ß and y. These are exhibited in Table 2 .
Thus L is Moufang, and the proof is complete. Q.EJ).
If G is a nonabelian group of order n, then the Moufang loop L formed as in the theorem with be denoted by M, (G, 2). , 2) . (2) Proof. The corollary follows directly from Theorem 1, by use of Table 1 .
As a result of Theorem 1, we may now restrict our attention to nonassociative Moufang loops having a minimal set of generators, each element of which is of order greater than 2. Thus, in particular, for every y, z e L, there exists an x 4(y, z) such that |x| > 2.
Proposition 4. A nonassociative Moufang loop L which contains an element x of order > 7 must be of order > 31.
(2) The loops M4^(D^, 2) were actually discussed in [3] (see Example 4), where they were denoted by L^(k). The isomorphism between M^Dp 2) and L^(k) may be given by x -a, y -b, z -c, where =(y, z>, y2 = z* = (yz)2 = 1, and every element of M^D^ , 2) is expressed in the form (z a y ß )x7, 0 s a < k, 0 S ß, y s 1. Ml2 (Sit2) Table 2 (ab)(ca)
Proof. There must exist y, z e L such that y 4 (x) and z 4 (x, y) . By Lemma 1, W>l<*. y. 2>l>2|<*, y>|>4|<x>|>32. Table 1 .
Assume there exists a minimal set S of generators each of which is of order greater than 2. From this point on, a familiarity with the groups listed in Table 1 is important.
The remainder of our argument is divided into three cases depending on the Table 1 shows that (x, z) Si Cg x C2, (x, z) Si Dfi or (x, z) & G12. A knowledge of these groups tells us that \x\ £ 3.
We now consider several subcases:
1(a) There exist x, y both of order 6 in L, such that y 4 (z) and x 4 (y, z).
Then <x, y) Si <x, z) Si (y, z) = C2 x C&. By replacing x and/or y by their inverses if necessary, we may assume that x2 = y2 = z2. Since (x, y) Si C2 x C"6, and x2 = y2, \xy\ = 6. But then (xy, z) Si C2 x Cg so that (xy)z = z(xy). However,
so that
Thus L is a group, so case 1(a) cannot occur.
1(b) There exists y 4 (z) such that |y| = 6, but, for every x 4 (y, z), |x| ^6.
Since (x, z) S C2 x C6, Dg or G12, |x| = 2 or 4. However, if |x| = 2 for each x 4 (y, z), then every minimal set of generators of L contains an element of order 2; hence |x| = 4 for some x 4 (y. z).
(y, z) S C2 x C6, and, as we did before, we may assume that y2 = z2. Also <x, z) a (x, y) Si G12, so that x2 = zi and x2 = y3. Thus y3 = z3. But then y = z, contrary to assumption. Hence case 1 (b) cannot occur. (x, z) ~ (y, z) ~ G12, and (x, y) Si C2 x C4< ß, or GJ2 (see Table 1 ).
However, if (x, y) Si G12, then there exists, contrary to assumption, an element of order 6 which is not in (z). Thus (x, y) Si C2 x C4 or Q. In either case x2 = y2 = z3 and zx = xz~ 1 and zy = yz~ If (x, y) S C2 x C4, then (xy)2 = 1, so (xy, z) SS C2 x C6 or Dg. In the former case (xy)z is of order 6, contrary to assumption; thus (xy, z) Si Dg and z (xy) = (xy)z-1.
If (x, y) = Q, then |xy| = 4 and so (xy, z) = GJ2 and z (xy) = (xy)z'1.
Thus in either case z (xy) = (xy)z~!.
Consider the elements of L of the form (xay^)zy. Since x2 =y2 and y2 = z3, we may assume that 0 < a, ß < 1, 0 < y < 5, e.g., 
1-1 otherwise )
We now consider two subcases.
Case l(Cj). If (x, y) at C2 x C4, then xy = yx, and /y^V = xa+£ry^+r.
Thus (5) becomes (6) [(x^^Kx^z^ = ua+y v where ft and v are as defined above.
This product is of the desired form, so that, as stated previously, every element of l is expressible in this form, and (6) 
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In a similar way, the coefficients of p and of n check, so that L is Moufang.
To see that L is not a group, x(yz) = (xy)z~1 = (xy)z5 4-(xy)z.
For future reference, we will denote this nonassociative Moufang loop found in case l(Cj) by M24^G12« C2 x Case l(c2). (x, y) Sä Q, so that yx = xy3 = (xy)y2 = (xy)z3, and hence, *y3xV=(xa+V+,v/3a.
Thus (5) becomes (7) t ( It is again a straightforward, although somewhat tedious, matter to check that L is a nonassociative Moufang loop, and the details will be omitted.
(Acutally, since z3 = z~3, the only difference between the check here and the check for ^24^12' ^2 x ^4^ *s *n tne exponents of z which are not a coefficient of Tj, y or p. These are 3/3a + 3at + 3(/3 + r)(a + 8) for (<z2>)(ca), and 3^8 + 3/3 (c+ S) + 3(j8 + t + e)a for [a {bc)]a, which are clearly equal.)
The Moufang loop found in case l(c2) will henceforth be denoted by M2i{Gl2,Q).
We have now completed the discussion of Case 1, in which L contains an element of order 6. By Proposition 5, L cannot contain an element of order 5
(since we are restricting attention to Moufang loops not of the form M2n(G, 2)), so we now consider Case 2. L contains an element x of order 4, but no element of larger order.
If L also contains an element y of order 3, then, from Table 1 
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Thus (x, y) Ä C2 x C4 or Q. In either case, x2 -y2, and, by analogous reasoning x2 = y2 = z2. Every element of L may be uniquely expressed in the form (xayß)zy, 0 < a, ß < 1, 0 < y < 3, since |L| = 16, and there are 16 elements of this form which are easily seen to be distinct. Thus, as in case 1, we need only determine how to multiply two elements of this form.
If w e L, then (w, x) = C2 x C4, D4, Q or C4. In any of these cases wx2 = x2w, so x2 is in the Moufang center of L (i.e. it commutes with every element of L). Since (x2)2 = x4 = 1, x2 is in the center of L (the intersection of the nucleus and the Moufang center) [8, Lemma l] .
Also, for each w e L, either w2 = x2 or w2 = 1.
As mentioned previously, (x, y) g C; x C4 or Q. Similarly for (x, z) and (y, z). By symmetry, there are thus four cases that need be considered:
2(b) <*, y)a Q. <x. z> s <y. z> at C2 x C4, 2(c) <x, y) S C2 x C4, (x, z) at <y, z> at Q,
In cases 2(a) and 2Cb),
But L is not a group, so x(yz) ^ (xy)z and hence z(xy) ^ (xy)z.
In 2(a), |xy| = 2, so (xy, z) Sä C2 x C"4 or D4. But z(xy) £ (xy)z, so (xy,z ) Sä D4
and z(xy) = (xy)z-1.
Similarly, in case 2(b), |xy| =4 so (xy, z) Si C2 x C4 or Q. But z(xy) ( xy)z, so (xy, z) Si Q and again z(xy) = (xy)z~l.
Thus, in either case, I (x yOz77 otherwise t Defining /t, <f>, xjt and f respectively by n-J-D", <£ = (-i)a/3, 0»(-i)(a^*r), "-(-i)w+^, and recalling that x2 and y2 are in the center of L, we obtain The check that L is a nonassociative Moufang loop is again tedious but straightforward, and will be omitted. (Note that, since z4 = 1, we only need the exponents of z in (ab)(ca) and [d.bc)]a to be congruent mod 4.)
In case 2(b), recalling that yx = xy3 = (xy)y2 = (xy)z2, and that z2 is in the center of L, we see that (8) Again it may be verified that L is a nonassociative Moufang loop.
It is worthwhile noting that the loop found in 2(d) is just the loop of units in the Cay ley numbers.
This completes Case 2, but for future reference let us give the loops we found names. The loop in 2(a) will be denoted by M16(C2 x C4); the one found in 2(b) and 2(c) will be denoted by ^i6(C2 x C4, Q); and the one found in 2(d) will be denoted by Alt6(ö).
All that remains to be done now in order to find all nonassociative Moufang loops of order < 31 is to consider Case 3. L contains no element of order greater than 3. Since we are assuming that not all minimal sets of generators of L contain an element of order 2, L must contain a minimal set of generators, each element of which is of order 3.
From Lemma 1 and its corollaries, such a set of generators must contain exactly 3 elements x, y and z.
Let K = \g\geL, |g|=3l. Let g,,g2eK. By Table 1 
V. Some properties. In studying cases 2(b) and 2(c) above, we raised the question of whether any of the loops are isomorphic. The answer is no. This is most easily seen by considering the order structure of each of the loops. Table 3 summarizes these results, giving the number of elements of each order in each loop.
Since isomorphisms preserve the order structure, the only possible isomorphism that could exist is between M16(Q, 2) and M16(C2 x C^). However, every set of generators of Mj6(Q, 2) contains an element of order 2, while this is not true for Mjg(C2 x C4), so none of the loops in question are isomorphic. In fact, since isotopy of Moufang loops preserves order of elements, none of the loops, with the exception of Ml6(Q, 2) and Ml6(C2 x C4), could be isotopic.
Thus each of the other loops is a G-loop (i.e. each loop is isomorphic to all its loop-isotopes). (Actually MJ6(Q, 2) and Mi6(C2 x C4) are also G-loops. This will be shown later.)
We now turn our attention to which of the M^-laws each of our loops satisfies. Table 3 Number But, since G is not abelian, this will not hold for all gj and gy Hence ß = 0.
Thus the theorem is proven. Table 4 lists the loops of order < 31, their nuclei (which in each case turns out to be identical with the center, although this will not be true in general), and the value of d for which L is an M^-loop (if L is strictly Moufang, we write d-1).
Note that all the loops of order 16 are M^-loops, and hence extra loops [5, Corollary 2], Thus in particular they are G-loops ( [3, Theorem, l] , or [6, Theorem 4]), so that Mj6(j3, 2) and M16iC2 x C4) are not isotopic.
Note also that M24(D6, 2) gives an example of a strictly Moufang loop with a nontrivial nucleus.
As a final consideration, Table 5 lists the prototypes of all possible subloops of our loops. (These were found by considering the subloops generated by each possible collection of elements.)
Using this table, we see that all of our loops satisfy Lagrange 's theorem, and they all have Sylow subloops for each prime dividing their order. Also, all are seen to be solvable but only those of order 16 are centrally nilpotent [8, p. 415] .
Note that Ml6(Q) is hamiltonian (see [2, Theorem 7.2, p. 87 
]).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Table 4 nucleus ( Table 5 subloops Ö. c4 (3) In A/2n(C, 2), {y, 2} denotes a minimal set of generators of G, in which y is of maximal possible order. In the other loops, x, y and z refer to the presentation given when the loop was first discussed.
